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Presented by Andrzej LASOTA Summary. The notion of C 1 -stably positively expansive differentiable maps on closed C ∞ manifolds is introduced, and it is proved that a differentiable map f is C 1 -stably positively expansive if and only if f is expanding. Furthermore, for such maps, the ε-time dependent stability is shown. As a result, every expanding map is ε-time dependent stable.
Let X be a compact metric space with metric d, and let f be a continuous map of X onto itself. We say that f is positively expansive if there exists a constant c > 0 such that d(f i (x), f i (y)) ≤ c (x, y ∈ X) for all i ≥ 0 implies x = y. Such a number c is called an expansive constant. This property (although not c) is independent of the metric. It is well known that every expanding map on a C ∞ closed manifold is positively expansive (see [1, 4, 7] ).
As usual, a sequence {x i } n i=0 (1 ≤ n ≤ ∞) of points in X is called a δ-pseudo-orbit of f if d(f (x i ), x i+1 ) < δ for 0 ≤ i ≤ n − 1. We say that f has the shadowing property if for every ε > 0, there is δ > 0 such that for every δ-pseudo-orbit {x i } ∞ i=0 , there exists y ∈ X satisfying d(f i (y), x i ) < ε for all i ≥ 0. This property is also independent of the metric. The shadowing property usually plays an important role in the modern stability theory of dynamical systems. It is also well known that every positively expansive open map has the shadowing property, and the set of all periodic points P (f ) of f is dense in the non-wandering set Ω(f ) of f (see [4, 5, 6] ).
Let M be a closed C ∞ manifold, and let d be the distance on M induced from a Riemannian metric · on T M . Let C 1 (M ) denote the set of all C 1 -differentiable maps on M endowed with the C 1 -topology. We say that
for all v ∈ T M and n ≥ 0. Every expanding map on M is structurally stable (see [7] ) and, as was stated, is positively expansive. But, there exists an example of a positively expansive map on the unit circle that is not expanding (see [1] ).
In this paper, we introduce the notion of C 1 -stably positively expansive differentiable maps on M , and prove that a differentiable map f is C 1 -stably positively expansive if and only if f is expanding. Furthermore, we show the ε-time dependent stability for such maps, so that every expanding map is ε-time dependent stable.
For any sequence
) the set of all {g i } n i=1 -orbits. We say that f ∈ C 1 (M ) is C 1 -stably positively expansive (with constants ν and c) if there are constants ν > 0 and c > 0 such that for any sequence
Here C 1 is the usual C 1 -metric on C 1 (M ). Hereafter, we denote by SPE 1 (M ) the set of all C 1 -stably positively expansive differentiable maps on M .
The first result of the present paper will be proved by combining an idea involved in [3] with the shadowing property. The notion of time dependent stability for diffeomorphisms is introduced in [3, p. 163] and it is proved that if a C 2 -diffeomorphism satisfies both Axiom A and the strong transversality condition, then the map is time dependent stable. Conversely, it is also proved therein that if a C 1 -diffeomorphism g is time dependent stable, then g satisfies both Axiom A and the strong transversality condition. In this paper, we introduce a slightly stronger version of the time dependent stability for differentiable maps as follows.
We say that f ∈ C 1 (M ) is ε-time dependent stable if for any ε > 0, there exists a
The neighborhood U(f ) is independent of n.
The following is also proved.
Recall that every expanding map is structurally stable. As a corollary, we have the following stronger result for expanding maps. We remark that to prove the above result, we do not assume C 2 -differentiability for the maps.
Corollary. Every expanding map is ε-time dependent stable. Mather's trick. Under the above notations, set
Proof of Theorem
For the sake of simplicity, let · = · and λ = λ (notice that any Riemannian metric can be approximated by C ∞ -metrics). We denote by exp : T M → M the exponential map, and again by d the metric on M arising from the above new metric on T M . Then we have
Indeed, for sufficiently small ε > 0 such that λ − ε > 1, there are 0 < ν 1 < ν and c > 0 such that for any
Therefore, for any sequence
for all i ≥ 0. Thus we have x 0 = y 0 , and so the expanding map f is C 1 -stably positively expansive with constants ν 1 and c, that is, f ∈ SPE 1 (M ). To prove the converse, we need some preparations. The following socalled Franks Lemma (see [2, Lemma 1.1]) will play an essential role several times in the proof. This is a fundamental C 1 -perturbation lemma working well only for the C 1 -topology.
be any finite sequence, and let
) be as defined before. We say that {x i } n i=0 is a periodic
Then the following is true.
(M ) with constants ν and c, and 
(we apply the lemma to the pair
with |λ| ≤ 1, for the number c, we can take x ∈ B α/4 (p 0 ) \ {p 0 } and a sequence of points
This is a contradiction because d(g nk+i , f ) < ν for all 1 ≤ i ≤ n and k ≥ 0.
Remark.
(1) By mimicking the argument used above, it is easily checked that if f ∈ SPE 1 (M ), then there are no singular points; that is, f is a local diffeomorphism.
(2) Since f ∈ SPE
is an open map, f has the shadowing property. Thus, P (f ) is dense in Ω(f ) (cf. [4, 5, 6] ). Furthermore, f is topologically transitive, that is, f has a dense orbit (since M is connected, see [4, 6] ). Hence, M = Ω(f ).
The next technically important lemma was proved in [3] for a homeomorphism g on a compact metric space. Roughly speaking, by compactness, for every ε > 0 we can find a natural number n 0 = n 0 (ε) such that for any given g-orbit {x, g(x), g 2 (x), . . . , g k (x)} with arbitrarily large k, there exists a shortcut from x to g k (x) by a pseudo-orbit of g with length less than n 0 . The proof is similar for continuous maps. :
Lemma 3 (cf. [3, Lemma 3]). Let g : (X, d) → (X, d) be a continuous map on a compact metric space. For ε > 0, there exists an integer
Let SM be the unit circle in T M , that is, SM = {v ∈ T M : v = 1}, and define a metric D on SM by
is the parallel transformation defined as usual. If we denote by f the local diffeomorphism of SM defined by
The inverse along a given backward orbit can be defined as follows. For any
A pair of points (v, 
. The notion of ε-non-wandering pair is slightly stronger than the original one defined by [3, p. 168] . The set of all ε-non-wandering pairs will be denoted by
Recall that every f ∈ SPE 1 (M ) is a local diffeomorphism. The following proposition will be proved by combining an idea involved in [3, Lemma 4] and the shadowing property. 
Let 0 < δ 0 = δ 0 (ε 0 /2) < ε 0 /2 be as in Lemma 2, and take 0 < ε < δ 0 such that
Since f has the shadowing property (see Remark (2)), for ε, there exists 0 < δ 1 = δ 1 (ε) < ε/2 such that every δ 1 -pseudo-orbit of f is ε-shadowed by some point. Let n 0 = n 0 (δ 1 ) > 0 be as in Lemma 3, and fix an integer > 0 large enough so that 1 log
Now, assuming that the proposition is false, we shall derive a contradiction. If the assertion is not true, then for all n > 0, there exist (
.
For simplicity, we denote
By the definition of v , for the above m and any
choosing v x 0 sufficiently near to v .
Let
by (2) (notice that y n = x −m ). By (3), it is easy to see that the sequence of points
is a cyclic δ 1 -pseudo-orbit of f since y n = x −m and d(x 0 , y 0 ) < δ 1 . Since f has the shadowing property and is positively expansive (2δ 1 < c), it is easy to see that there exists a point p = f q (p) ∈ P (f ) (q = m + n) whose f -orbit is ε-shadowing (5).
Next, let us perturb f along the periodic orbit of p. We define linear maps
Finally, we put
where
for some γ ∈ R by construction. Hence |γ| > 1 (see Proposition 1). Furthermore, from (6)-(8),
Pick γ such that
then, by (1) and Lemma 2, for any 0
Thus, there exists a non-expanding {g i } q i=1 -periodic orbit starting from p. However, since the C 1 -distance from g i to f is less than ε 0 for all i, it follows from Proposition 1 that {g i } q i=1 should have only expanding periodic orbits. This is a contradiction.
We are in a position to prove the opposite direction of Theorem A; that is, if f ∈ SPE 1 (M ), then f is expanding. The proof follows from Proposition 2 by modifying the arguments used in the proof of [3, Lemma 5] .
Suppose that f ∈ SPE 
